The present investigation focuses on one aspect of the autonomous targeting process used onboard during the Orion trans-Earth injection phase, specifically, a fast and robust algorithm that identifies a feasible return trajectory, one that meets the entry constraints without exceeding the fuel available. Unlike earlier Apollo missions, Orion seeks to land near the polar regions of the moon. Thus, a substantial plane change maneuver is required before returning to Earth. To reduce the fuel expenditure associated with this plane change, a three-maneuver sequence is employed during the return phase. An autonomous onboard targeting process for precision entry (one that incorporates multiple coordinated trans-Earth maneuvers) is sought in the event of loss of communication with the ground. The latter scenario presents a very unique challenge: one never before required of any Apollo vehicle. The Apollo missions also benefited from flexible entry requirements in contrast to Orion. Precision targeting in multibody regimes has only been previously demonstrated in unmanned sample return missions such as Genesis. The formulation presented here ensures that the entry constraints are met without violating the available fuel budget. 
= unit vector along the Earth's mean equator and aligned with the prime meridian x G = inertial unit vector along the equinox of J2000 and on the mean equator planê x N = unit vector directed radially from the center of the Earth to the entry site X = state vector along an unspecified neighboring trajectory at a given point in time X k = vehicle's outgoing state vector at time t k X k = vehicle's incoming state vector at time t k yt k = constraint vector associated with the patch point at time t k y E = unit vector normalx E and tangent to the Earth's mean equator y G = inertial unit vector on the mean equator plane and normal to the equinox of J2000 z E = unit vector normal to the Earth's mean equator z G = inertial unit vector normal to the mean equator and equinox of J2000 N = vehicle's inertial flight-path angle at entry, associated with the Nth patch point X = implies a noncontemporaneous variation relative to the current path X 0 = implies a contemporaneous variation relative to the current path N = vehicle's inertial declination at entry, associated with the Nth patch point yt k = noncontemporaneous variation of the constraint vector relative to the current path N = vehicle's geocentric longitude at entry, associated with the Nth patch point t k ; t k 1 = state transition matrix associated with the forward flow from t k 1 to t k N = vehicle's inertial flight-path azimuth at entry, associated with the Nth patch point I. Introduction T HE onboard flight software for the Crew Exploration Vehicle (CEV) must provide the capability to autonomously target, at any time, a specified Earth entry state through a sequence of three trans-Earth injection (TEI) maneuvers. In doing so, the algorithm must ensure that the associated fuel requirements do not exceed the amount of fuel available onboard at that time. The three-maneuver sequence is graphically illustrated in Fig. 1 .
The goal of the first two maneuvers is to minimize the final injection that places the spacecraft on a path to Earth for a given set of entry constraints. Specifically, the vehicle must meet up to five constraints at entry interface: flight-path angle (FPA), latitude, longitude, altitude, and azimuth. In contingency scenarios, some of these constraints may be relaxed, but the targeting algorithm must at least be able to ensure an entry altitude and flight-path angle at all times. Some constraints are functions of latitude set by the Earth-moon antipode. In earlier designs, the targeting of these final constraints is controlled mainly through the final TEI maneuver in the sequence. Although this approach does address some of the goals, it does not fully exploit the third-body effects that influence the path. Certainly, an end-to-end targeting process that simultaneously adjusts all three maneuvers in a fully perturbed model can add flexibility during the targeting process and ensure that the overall cost does not exceed the fuel budget.
Targeting, in this case, refers to the numerical process of identifying feasible solutions to a problem that is subject to both path and control input constraints. This is different from the goal of an optimizer, which seeks to minimize some cost index subject to a set of user-specified path and control input constraints. In an onboard scenario, optimality is not as important as feasibility. Certainly, an algorithm that offers significant improvement in computational speed is preferred. A two-level targeter [1] that allows for the incorporation of path constraints [2, 3] offers many advantages in this respect. A constrained two-level targeter [3] is a generalized targeting algorithm for the analysis of constrained dynamical systems. One of the most appealing aspects of the methodology is its conceptual simplicity and numerical efficiency in contrast to trajectory optimizers.
Of course, a constrained two-level targeting algorithm [3] is not designed to be self-starting or autonomous. Autonomy, in the present context, refers to the process of 1) identifying a suitable startup arc for the targeting algorithm and 2) reconverging the solution based on an updated set of departure and entry conditions. It also entails any numerical checks and balances necessary to ensure monotonic convergence throughout the process and how to address the possibility that a feasible solution does not exist. If a feasible solution is not available, the process must be able to identify suitable contingency scenarios to target instead. At all times, the targeting process must ensure that the solutions meet the specified set of entry constraints without exceeding the total fuel available onboard at the time. Each of these aspects of the autonomous targeting process is an area of study onto itself.
The onboard determination of the startup arc, for instance, is accomplished in one of two ways. The simplest and most common approach is to generate a database of optimal solutions over a time interval of interest, before departure, and use those as nominal scenarios that can be adjusted by a targeter as needed onboard [4, 5] . More recent methods [6] , specifically tailored around the Orion trans-Earth injection phase, consider the use of infeasible solutions (i.e. with state and time discontinuities) based on a series of two-body approximations. Generally speaking, both methods are suitable for the generation of an initial guess in this case. Even if a solution is infeasible initially, the two-level targeter can accommodate these types of discontinuities during the numerical process.
The present investigation is strictly focused on the mathematical developments and subsequent validation necessary to implement a two-level targeter during the Orion trans-Earth injection phase. Aside from the relevant entry constraint formulations, this study also presents the first successful implementation of a multi-patch-point constraint in the context of a two-level targeting process. Specifically, a total cost constraint is developed and validated. Here, the total cost is determined as the sum of the three TEI maneuvers in the sequence. This particular constraint formulation is the key to the success of the two-level targeter during an onboard determination. It ensures that all feasible solutions identified do not exceed the fuel available onboard. Aside from these mathematical preliminaries, the numerical studies performed serve to enhance the knowledge base on the underlying sensitivities associated with the three-maneuver sequence. This will be particularly useful in future studies that aim at addressing closedloop computational autonomy.
II. Constrained Two-Level Corrector
A constrained two-level targeter [3] is largely based on a linearized description of the dynamical model, though the process also exhibits some elements commonly seen in optimization. In fact, the standard two-level targeter [1] bears many similarities with earlier methods used for the analysis of optimal multiple flyby trajectories [7] . In implementing a two-level targeter, the trajectory is first divided into segments by introducing a series of intermediate targets known as patch states. A simple iterative targeter then introduces impulsive maneuvers at the interior patch states until position continuity across all segments is achieved; this is referred to as the level-I process [1] . The second stage, the level-II process, adjusts the shape of the trajectory by spatially and temporally relocating the patch states to drive the velocity discontinuities to zero [1] . For each level-II iteration, an iterative level-I targeting process is completed across each trajectory segment. The end result is a trajectory in the vicinity of the startup arc that is continuous in position and velocity. The constrained two-level targeter [3] incorporates path constraints into the targeting process. The linear corrections are identified as the minimum norm solution [8] . A minimum norm solution is specifically selected to identify the smallest changes in the control parameters which lead to a path that meets the specified constraints. This is an important element of the process, because the fundamental equations behind the targeting algorithm are linear. An immediate advantage of the generalized constrained two-level targeter formulation [3] is that it is independent of the dynamical model or the reference frames selected. This allows for a simple implementation of additional perturbations into the model. In the present analysis, the bodies that influence the spacecraft motion are the Earth, the moon, and the sun. Although nongravitational perturbations are not considered here, nonspherical body effects, solar radiation pressure, atmospheric drag, and other perturbations are easily incorporated into the process without the need to change the targeting algorithm itself.
The Orion onboard targeting algorithm benefits from earlier studies [2, 9] that develop and validate the altitude and flightpath-angle constraints. Though a formulation for the true latitude constraint, as defined relative to a nonspherical Earth, is not presently available, one is not yet necessary. At this point, the Earth is assumed spherical. Thus, the geocentric latitude is equivalent to the inertial declination previously developed [2, 9] . The flight-path azimuth and geocentric longitude constraints, both measured in time-varying coordinate systems, are developed here.
The existing two-level targeter framework [2, 3, 9] already addresses constraints that depend on a single patch state. There is, however, no precedent for constraints that depend on multiple patch states. For instance, the cost constraint placed on the sum of the TEI maneuvers represents such a multi-patch-point constraint. This particular constraint introduces unprecedented flexibility during the convergence process, particularly in dynamically sensitive problems. The constraint allows the targeter to essentially decide how to best distribute fuel resources for trajectories that employ multiple maneuvers. The targeter solutions are compared against neighboring optimal solutions to specifically highlight the computational advantages of the two-level process. 
Let X X t denote the state along a reference trajectory that satisfies Eq. (1) and exists in the vicinity of the current path, defined by X. Then the difference (at time t k ) between the state along the current path and that along the reference trajectory is given by
In the theory of calculus of variations, the quantity X 0 k is classically known as a contemporaneous variation because it represents the difference between two quantities that are evaluated at the exact same time. If X k is in the immediate vicinity of X k , and t k represents a small variation in time, then the noncontemporaneous variation X k may be approximated (to first order) as
Thus, the linear system associated with Eq. (1), specifically linearized about the current path, admits a solution of the form
where t k ; t k 1 denotes the state transition matrix. When the elements of X are only the position and velocity of the spacecraft [3] , the 6 6 matrix t k ; t k 1 can be subdivided into four 3 3 submatrices, such that
The subscript pair k; k 1 denote the direction of the propagation. For example, the right subscript k 1 denotes the start time t k 1 of the propagation, and the left subscript k reflects the terminal time t k . Now consider two adjacent segments along a trajectory, with the first defined by t k 1 t t k and the next defined by t k t t k1 . Suppose that a velocity discontinuity in the path exists at t k . This discontinuity represents an impulsive maneuver at that point. An impulsive maneuver can be mathematically represented as the difference between the incoming velocity v k along the first of the two segments and the outgoing velocity v k along the second: specifically,
To allow for the possibility that such an impulsive maneuver exists at the kth patch state, the variational equations for each segment must be formulated separately. The variational equations associated with the first segment may then be expressed as
if the integration proceeds forward from t k 1 to t k . For the second segment, if the integration proceeds backward from t k1 to t k , the variational equations are given by
In general, the and superscript notations next to any vector or scalar variable are used here to identify the variable's value across a discontinuity. For example, an integration that proceeds backward from t k1 to t k requires an initial state vector
T . In contrast, an integration that proceeds forward in time from t k 1 to t k employs X
T as an initial state for the propagation. Note that the and are not applied to the position vector in this case, because it is assumed that position continuity exists across segments after a level-I process is applied.
B. Startup Arcs and Patch States
Targeters and optimizers are not self-starting processes. Both require a reasonably accurate initial guess to proceed. A startup arc may originate from a simple numerical integration or optimization process, even if it leads to a solution that does not initially meet some or all of the constraints. Alternatively, a startup solution may be identified from patched conic analysis. Even if propagation in the ephemeris model results in state discontinuities, neither the two-level targeter nor an optimizer require a feasible startup arc.
In the present study, two different sources are considered in identifying startup arcs. One approach relies on a sample block set of previously determined solutions [4, 5] . From this set, a suitable startup arc (whether feasible or infeasible) is selected. The two-level targeter process is then used to identify neighboring solutions that meet the specified constraints. More recent methods [6] consider the on-demand identification of startup arcs through the use of twobody approximations. In this case, an Earth-centered initial state that meets some of the desired characteristics is numerically propagated backward toward the lunar sphere of influence. Then information about the Earth-moon antipode is used to compute (in a two-body model) the three maneuvers required to depart the vicinity of the moon en route toward the Earth. Of course, since the third-body effects in this case are not insignificant, this moon-centered propagation can lead to trajectories that do not come near the Earth segment. This leads to potentially significant position discontinuities at the interface near the lunar sphere of influence. Since the block-set method is not subject to these large position discontinuities, it is selected here as the source for startup arcs.
Once the startup trajectory is available, a series of representative patch states are selected along the path. For Orion applications, an average of 10 patch states is common. In selecting the position of the patch states, it is important to choose points that adequately capture the overall spatial and temporal features of the startup arc. However, it is most important to ensure that the points selected are not subject to extreme dynamical sensitivities. This can be assessed, for instance, by numerically propagating the patch state forward in time and evaluating the rate of state dispersion. Dynamical sensitivity implies that small changes in the initial state lead to large deviations as time progresses. Therefore, although the analyst is generally free to specify any desired set of patch states, the convergence of the algorithm is enhanced by adequately spacing the points in time with respect to each other. It is also important that the temporal spacing is not too small between any two patch states. This introduces a certain degree of inertia into the algorithm. That is, since the process is based on linearized equations, and a minimum norm solution is further selected [8] , the changes applied by the corrections process will already be the smallest possible. Thus, temporally spacing points too closely can slow down the convergence process by restricting the neighborhood of solutions explored. It also hinders the process of identifying other neighboring and potentially lower-cost solutions. Similarly, spacing the patch states too far apart in time can overexpand the search space outside the linear range, which can also introduce convergence difficulties. Although the overall patch state selection process is not presently automated, the sensitivity previously described was recognized during the course of this study. This can be used to automate the temporal spacing of patch states and, subsequently, the number and placement of patch states along a startup solution. This is a subject of ongoing study.
C. Level-I Process
The constrained two-level targeter [3] consists of two fundamental steps. The level-I process is analogous to (though not the same as) a two-body Lambert solver. Traditionally, a level-I process is a differential correction scheme [10] that seeks to identify the transfer arc between two position vectors by adjusting the departure velocity. The process differs from a Lambert targeter in that the algorithm is independent of the dynamical model. Thus, the user has the flexibility of employing any level of model complexity desired (i.e. perturbations). The level-I targeter also differs from a Lambert targeter in that the time of flight along the path is not necessarily fixed. In fact, the time of flight may be specified as an additional control variable to add flexibility in meeting the desired target. Of course, the notion of a level-I process is not limited to position targeting. The process can also be configured to target other constraints (altitude, flight-path angle, etc.) The only limitation is that the number of constraints cannot exceed the number of control variables available in the formulation. The following examples compare a traditional level-I process that targets the terminal position vector with a modified level-I scheme that targets generalized terminal constraints.
Example 1: Targeting the Terminal Position Vector
A classical position targeter [10] , i.e., a level-I process, is graphically illustrated in Fig. 2 . In this case, the initial and terminal times along the segment are fixed such that t k t k 1 0. The control variables, in this case, are restricted to the components of v k 1 , the impulsive maneuver applied at t k 1 . If the initial time is fixed, this is equivalent to t k ≠ 0. For a fixed time transfer [3] , where t k 1 t k 0, each iterative step of the level-I process updates the outgoing velocity along the segment by
Of course, it is not necessary to constrain the time of flight. In fact, added flexibility is achieved by treating the time of flight along the path as a control parameter. If the terminal segment time is free, t k ≠ 0, a modified update is applicable:
Equation (9) represents the minimum norm solution [8] to the variational position equations when both the initial velocity and terminal time are treated as control variables.
Example 2: Targeting Terminal Constraints
Though the traditional level-I process previously described targets a terminal position vector, the process is easily tailored to target terminal constraints:
In Eq. (10), y yt represents a p 1 vector of specified constraints. The nonlinear vector function hX; t indicates the relation between y and the state vector X Xt. Consider a segment defined by t k 1 t t k such that y k yt k represents the vector of terminal constraints. If one can identify the functional relationship between the terminal state vector X k and the constraint y k , the linearized approximation of Eq. (10) is subsequently determined as
where
The partial derivatives in Eq. (11) are traditionally a part of the constrained level-II process [3] , but they are employed here in a level-I scheme as a proof of concept. The goal now is to rewrite Eq. (11) such that the terminal constraint is expressed strictly as a function of the control parameters associated with the initial state. Then consider Eq. (6) when t k 1 0 and r k 1 0:
Equations (14) and (15) may also be expressed in a more compact vector form:
Substitution of Eq. (16) into Eq. (11) leads to
If dimfy k g < dimfb c g, an infinite number of solutions to Eq. (17) exist. Subsequently, a minimum norm solution [8] suggests the smallest corrections to the initial velocity and segment duration that meet the desired constraint error value y k at the terminal point: To illustrate the functionality of the above approach, a simple constraint-based level-I process is implemented in this example to the transfer from a sample TEI-3 point to Earth entry. The longitude constraint partials are detailed later in this paper. The altitude and latitude partials were developed in earlier investigations [2, 3, 9] . Since the Earth is assumed to be a spherical body, the latitude is simply determined as the inertial declination relative to the mean equatorial plane. . Table 2 summarizes the error in the entry state associated with the initial guess. The constraint-based level-I process is then employed to target the desired entry state. The results of the process are summarized in Table 3 . The required maneuver, generally equivalent to TEI-3 for Orion, is listed. Clearly, a significant error exists, particularly in the first three quantities. Thus, this particular initial guess offers an excellent way to demonstrate the type of difficulties a level-I process can encounter when the quality of the initial guess is poor. At the same time, it also demonstrates that the process is surprisingly robust under some conditions. However, convergence via a level-I process is not guaranteed over the entire lunar cycle or for all constraint combinations, particularly as the quality of the initial guess degrades. For instance, a case in which the altitude, longitude, and flight-path angle or azimuth are targeted via a level-I process, for the particular initial state employed in this example, fails to converge. This is attributed to the correlation between the specified entry constraints. The longitude, for instance, is a time-varying quantity, since it is measured in an Earth-fixed rotating frame. The flight-path azimuth is also specified relative to an Earth-fixed rotating frame, but one associated with the entry site. Thus, targeting these constraints simultaneously basically amounts to specifying that the vehicle must reach the desired target at the exact same approach angle, regardless of how the target's orientation (in this case the longitude) has changed. Since both the position vector attitude and the velocity vector orientation are time-sensitive, it is not surprising that an inadequate initial guess (such as that supplied here) can lead to convergence difficulties and sometimes nonconvergence. After all, a linear targeter searches for solutions in the vicinity of the startup arc that meet the desired criteria. If those solutions do not exist in that particular neighborhood, a linear targeter can fail. A level-I process is particularly sensitive to this. Difficulties also arise when a solution that meets the entry state exists in the neighborhood but at a significantly higher cost than the available fuel budget allows. For these reasons, a level-I process alone is not suitable for onboard targeting, though it may be suitable in simpler cases [11] . A twolevel targeter, however, can easily remedy these deficiencies by introducing a larger number of control parameters and flexibility in the search for a solution.
D. Level-II Process
In a traditional level-II process [1] , all velocity discontinuities are simultaneously driven to zero by adjusting the spatial and temporal properties of the patch states in a single calculation. This approach is useful when a natural solution is sought; that is, a solution that is continuous in both position and velocity. To accomplish this, a linear expression that relates the velocity discontinuity at each patch state to the positions andtimes ofthe neighboring patch points is identified [1] . Consider, for example, a trajectory characterized by N patch states (i.e. k 1; . . . ; N), such that X 1 and X N denote the initial and terminal states along the path, respectively. The interior patch states are then identified by X k , for k 2; . . . ; N 1. The velocity discontinuities introduced at these interior points, due to the level-I process, define 3N 2 equations, one for each interior v k . These 3N 2 expressions are assembled into an augmented system of equations:
Since each patch state contributes four control parameters (time and three position elements), the matrix M is of dimension 3N 2 4N. The number of patch states is purposefully selected to ensure that the system is always underdetermined [1] . In this formulation, each interior velocity discontinuity v k contributes three rows to Eq. (20). The general form of these individual contributions [1] may be summarized as
Here,
is a block of the matrix M associated with v k : specifically, rows 3k 2 1 through 3k 2 3 and columns 4k 2 1 through 4k 2 12. The vector
is comprised only of the elements of b that affect v k : specifically, elements 4k 2 1 through 4k 2 12. Note that since v k depends only on the temporal and spatial coordinates of patch states associated with t k 1 , t k , and t k1 , the matrix M in Eq. (20) exhibits a generally sparse structure. Since the resulting linear system of equations is underdetermined, a minimum norm solution [8] is selected to minimize the requested changes in the positions and times of the patch states [1] : This ensures that the corrections process seeks out solutions in the immediate vicinity of the current path. Equation (24) suggests the smallest changes in the temporal and spatial coordinates of the patch states that meet the desired constraints in the linear system. Subsequently, the positions and times of all N patch states are updated according to these suggested changes. Then an iterative level-I process is applied to achieve position continuity. The overall process is repeated in the nonlinear system until all velocity discontinuities have been reduced to some specified tolerance. Later studies by Marchand et al. [3] present a generalized formulation of the impulsive two-level targeter that allows for the incorporation of algebraic constraints at any patch state along the trajectory. In this formulation, a constraint imposed on the kth patch state must be formulated strictly as a function of t k , X k , and/or X k . Once the constraint vector variational equation is identified, the generalized impulsive level-II process [3] follows a similar structure to that presented by Howell and Pernicka [1] . In this case, however, the minimum norm solution [8] sought corresponds to a system of the form
The elements of M are the partial derivatives of the constraints with respect to the corresponding patch states and times [3] . This particular structure is generally acceptable for the analysis presented here, with one exception. Earlier implementations and formulations of the two-level targeter, including that presented by Marchand et al. [3] , do not consider constraints that depend on multiple patch states. This capability is of critical importance for Orion entry targeting. Targeting in this study entails more than achieving a prespecified entry state at Earth arrival. It is most important that the targeter identify solutions that do not exceed the fuel available onboard at the time the maneuver sequence is initiated. Thus, constraining the total mission cost is fundamental to the work presented here. Of course, the total cost depends on the v applied at TEI-1, TEI-2, and TEI-3.
Although constraining the magnitude of individual v is possible within the existing targeter framework [3] , this earlier formulation does not directly accommodate constraints, such as total v spent, that depend on the state at multiple patch states. A total cost constraint is thus formulated and tested here for applications to Orion entry targeting.
III. Trajectory Constraints
At entry interface, Orion seeks to target up to five quantities: altitude, flight-path angle, latitude, longitude, and flight-path azimuth. Furthermore, the total v may be constrained to satisfy the available fuel budget. Other constraints may designate, for instance, that TEI-2 and TEI-3 take place at an apse, where r v 0. The primary entry constraints of interest here, associated with the Nth patch state, are summarized in Eqs. (26-30):
Naturally, these equations represent one of many ways to formulate the same constraint. Some formulations are more numerically wellbehaved than others. Angular constraints can be particularly cumbersome because of quadrant ambiguities and potential singularities. However, the set selected above is suitable for the current application. The following sections focus on the determination of the analytic partial derivatives for the entry constraints and the total mission cost constraint.
A. Coordinate Frames and Entry Angles
The illustration in Fig. 3 depicts the relation between the Earth rotating frame, defined by unit vectorsx E -ŷ E -ẑ E ; the entry site frame, or up-east-north frame, defined by unit vectorsr N -ê N -n N ; and the Earth-centered inertial unit vectorsx G -ŷ G -ẑ G .
The entry interface state is characterized in terms of its geocentric longitude and latitude, the vehicle altitude, and the flight-path angle and azimuth of the velocity vector. Earlier studies [2] consider the altitude and flight-path-angle constraints. Thus, the following discussion focuses on the remaining entry targets; the geocentric latitude and longitude, and the flight-path azimuth. The geocentric latitude is equivalent to the inertial declination N , illustrated in Fig. 3 . This particular constraint and the associated partial derivatives are also available in the literature [2] . Thus, it is not necessary to formulate new equations for the geocentric latitude constraint. At the entry interface point, only formulations for the longitude and flightpath azimuth constraints are then necessary.
In addressing the geocentric longitude constraint, identifying an expression for the inertial right ascension N as a function of the entry state is useful. In this case, N (measured relative to the inertialx G axis) is determined as
The spherical-Earth assumption implies that the geocentric longitude is related to the right ascension as follows:
where G represents the location of the prime meridian relative to the Earth-centered inertial x axisx G . The time t 0 is associated with the zeroth hour (midnight) on the day of entry, and g0 represents the right ascension of the prime meridian at that time. The algorithm employed in approximating g0 is that listed by Vallado [12] . The rotational rate of the Earth is denoted by ! e . Thus, the spacecraft longitude at entry is determined to be To identify an expression for the flight-path azimuth, consider an alternate representation of the spacecraft velocity in terms of the upeast-north frame. This requires a mathematical representation forr N , e N , andn N in terms of the spacecraft state at entry: Fig. 3 Flight-path angle and azimuth.
Note that although these unit vectors are clearly time-varying, they are not explicit functions of time. They are also independent of the spacecraft velocity. The only explicit dependence apparent is on the position vector r N . Given these definitions, the velocity of the spacecraft (at the kth patch state) may be alternatively represented as follows:
Using Eq. (37) and Fig. 4 , the flight-path azimuth N may be expressed as
B. Flight-Path Azimuth
Consider the flight-path azimuth constraint N 4 . From Eqs. (34-36) and (38), it is apparent that the flight-path azimuth depends explicitly on the velocity and on the position vector associated with the patch state, but not on the time at entry. Of course, the state vector in general is a function of time. Thus, as the entry state is adjusted during the corrections process, the coordinate frame in which the azimuth is evaluated changes. Therefore, in some sense, there is a dependence on time, even if not an explicit one. For notational simplicity, let
Recall that the partial derivative of the arctangent of a function of any variable x with respect to x is given by
Thus, the partial derivative of the azimuth with respect to the terminal position vector may be expressed as follows:
Similarly, the partial derivative with respect to the velocity vector is determined as 
Equation (36) is further simplified through direct application of the vector triple-product identity:
Subsequently, and after extensive algebraic manipulations, the partial derivatives ofê N andn N may be summarized as
Equations (48) [3] . The resulting variational equation is added to the underdetermined linear system of equations previously identified in Eq. (25), which is subsequently solved during the level-II process.
C. Longitude
The longitude constraint defined by Eqs. (26) and (33) reveals an explicit dependence on the position vector and time associated with the Nth patch state. Thus, the partial derivatives of the longitude with respect to position and time are required before the variational constraint equation is evaluated. Once again, multiple formulations are available. Here, the longitude angle is constrained directly. Alternatively, the sine or cosine or some other function of the longitude may be constrained instead. The selected formulation affects the explicit partials. As such, only one formulation is presented here, though multiple formulations have been tested to date.
It is important to note that angular constraints can introduce convergence difficulties if the 2n ambiguity is not properly handled during the convergence process. It is wise, in general, to choose formulations that avoid or adequately handle scenarios involving 
D. Total Mission Cost Constraint
A two-level corrector traditionally seeks to drive the interior velocity discontinuities to zero [1] [2] [3] 9] . However, a series of nonzero maneuvers are naturally required to achieve the entry constraints in a nonnatural arc. In a constrained two-level corrector, the analyst can specify constraints on individual maneuvers [2, 3, 9] . A maneuver can be individually constrained as follows:
Note that the constraint in Eq. (58) depends explicitly on both the incoming and outgoing velocity vectors associated with the kth patch state; no dependence on position or time is present. Thus, the partial derivatives of the constraint relative to the velocity before and after the discontinuity at patch point k are simply given by
If an equality constraint is applicable, the constraint is active at all times. If an inequality constraint is desired, however, the user need only remove the appropriate rows of the state relationship matrix before performing the level-II correction. If at a later point the constraint becomes active again, then the rows associated with the above partial derivatives can be introduced back into the state relationship matrix. Thus, the dimension of the state relationship matrix may fluctuate throughout the two-level process as various constraints become active and inactive. In the case of Orion's three-TEI-maneuver strategy, constraining the magnitude of individual maneuvers is not as advantageous as it is to constrain the sum of the maneuvers. The goal of this particular approach is to ensure that the entry constraints are met while the total propulsive cost does not exceed the available v. This approach gives the two-level process much needed flexibility to place the maneuvers wherever the dynamics dictate it is most advantageous, as long as the sum does not exceed the allowable budget. In this case, the constraint is of the form
Note that the variation of the total v may be expressed as the sum of the variations:
Since each maneuver is associated with a different vector variational equation, summing these variational equations yields an expression for the sum of the variations in Eq. (63). The resulting expression may subsequently be used to constrain the sum of all maneuvers without constraining individual maneuvers. Since each patch state contributes 12 control variables (three positions and three time elements), the total cost constraint for a three-burn TEI sequence can depend on up to 36 control variables, a far more desirable and successful approach than that in Eq. (58). This particular constraint is useful in extending the two-level corrector into an autonomous algorithm, because it is less constrained and subsequently less susceptible to the quality of the initial guess.
IV. Results

A. Example 1: Targeting Altitude and Flight-Path Angle Over the Lunar Cycle
The two-level targeter is applied here for various startup arcs over the lunar cycle, beginning on 1 February 2024 at 00:00:00 UTC. Tables 4-13 give the initial patch-point sets used for this example. The target entry constraints are 121.9 km altitude and 5:86 flightpath angle. Table 14 shows the total v cost associated with the startup arc before the corrections process is initiated as well as the initial error in each constraint for selected days over the lunar cycle. These initial guesses are employed in a full two-level targeter, both with and without a total v constraint. Figure 5 presents a comparison between the total v associated with the initial guess and the total v identified by the two-level targeter with and without the total cost constraint. The initial guess results correspond to the diamondshaped markers that exhibit the smallest costs: between 1.4 and 1.5 km/s over the lunar cycle.
For the targeter solutions, samples were selected at three-to fourday intervals along the lunar cycle. The circles correspond to the targeter solution without the total cost constraint. The crosses are associated with the targeter solutions that are subject to a total cost constraint of 1.5 km/s. Clearly, the cost constraint has a significant impact on the solutions identified. If left unconstrained, the total v would quickly exceed the specified limits as the targeter searches the neighborhood of the initial guess for a feasible solution that meets the entry constraints. Constraining individual maneuvers is not consistently successful and can lead to nonconvergence. It is only by constraining the sum of the maneuvers instead that one is able to identify feasible solutions, as illustrated in Fig. 5 , over the entire lunar cycle for the particular entry configuration. The individual TEI maneuvers for both the cost unconstrained and constrained two-level targeters are listed in Tables 15 and 16, respectively. Of course, it is not reasonable to expect a linear targeting process to converge on a solution when the initial guess exhibits characteristics that are excessively dissimilar to those along the desired path. Currently, the block-set approach is preferred as the source of startup arcs for onboard determination [4, 5] . However, two-body approximations [6] may be feasible if the associated discontinuities at the interface point are not excessive and if the methods used to bridge those discontinuities do not themselves require an unreasonable number of iterations. Unreasonable is defined in the present investigation as anything in excess of 20 iterations.
The most desirable feature of an onboard targeting algorithm for applications to Orion is one that is both numerically robust and minimizes computational overhead. Robustness is achieved by incorporating checks and balances that ensure both fast and monotonic convergence of the process. During the course of acquiring the trajectories for the present example it is observed that the largest source of overhead in a level-II process is the intermediate iterative level-I processes performed over each segment. Thus, identifying ways of speeding up and enhancing the convergence of the level-I process is the key to further improving the overall computational efficiency of the two-level targeter. In spite of that, a two-level targeter is by nature more computationally efficient than an optimizer, because it only seeks feasible solutions in the neighborhood of the startup arc, rather than optimal solutions. Thus, although improvements in speed are always sought, the native speed of the algorithm is already adequate for onboard determination. One way to assess the success of the two-level targeting process for onboard determination is to compare its performance with that of an optimizer. To that end, a sequential quadratic programming algorithm [13] [14] [15] is selected here for comparison purposes. In this example, a three-burn TEI transfer is presented, subject to altitude, latitude, longitude, and flight-path-angle constraints. The initial set of patch points used is given in Table Results for both the optimization process and the targeter are given in Table 18 . The optimal transfer identified, based on the initial guess, requires 1:0992 km=s of impulsive V. The targeting algorithm identifies a solution that meets the same set of constraints at a total cost of 1.2700 km/s, per the imposed constraint. Figure 6 illustrates a superposition of the resulting optimal and targeter solutions in the moon-centered inertial (MCI) frame. The two-level targeter and optimization algorithms are executed on the same computing platform. In the present example, the optimal solution identified by the optimization process is acquired in 42.8 min. In contrast, the two-level targeter solution requires approximately 3.3 min: a 92% improvement. Of course, the optimizer's performance can be influenced through internal variable rescaling. However, that in itself is a disadvantage of the process for autonomous onboard determination, since the two-level targeter does not require any such variable scaling or tuning of scaling parameters. In this example, all five entry constraints are targeted: altitude, latitude, longitude, flight-path angle, and flight-path azimuth. The first four entry constraints are the same as in the previous example, and the target flight-path azimuth value is 13.9960 deg. The initial patch-point file is listed in Table 19 . Results are listed in Table 20 . The total cost constraint imposed on the targeter solution is 1.35 km/s. With this constraint, the targeter requires 15 iterations and 524.5 s of computation time. The total budget available for the return phase is 1.5 km/s. Thus, 1.35 km/s for the primary maneuvers in these examples is still a reasonable cost.
In the interest of identifying similar solutions, the terminal entry time is constrained to match the entry time previously identified by the two-level targeter. Thus, some disparity is expected between the two trajectories, since the optimizer is constrained to a fixed final time and the targeter is allowed a free final time. The optimal total cost is over 0.35 km/s lower than the targeter solution in this case. The optimizer in this example, while still using a sequential quadratic programming method, is now implemented in FORTRAN. Note that, in general, compiled languages offer improved executable performance over programs that employ interpreted languages. Thus, a FORTRAN implementation of an optimizer will generally execute faster than the same optimizer executed within the MATLAB interpreter. This is an important point to remember when comparing targeter results identified in the MATLAB interpreter against optimizer results obtained from a FORTRAN compiled executable. Furthermore, though the homogeneity of the implementation is not preserved in this comparison, the example demonstrates the computational benefits of the two-level process over an optimization algorithm. Here, the optimizer execution requires 22.2 min. In contrast, the two-level targeter only requires 8.7 min to identify a feasible solution. This is roughly a 61% improvement over the optimization process, despite the discrepancy in programming language efficiency.
V. Optimal Trans-Earth Injection
The optimal trans-Earth injection phase has been extensively studied with various implementations of nonlinear programming algorithms. Though these numerical methods are not suitable for onboard determination, the insight gained from this analysis is useful in the development of a robust and numerically efficient autonomous targeting algorithm. Successfully targeting a specific entry state requires careful consideration of the timing and location of the maneuvers, particularly for constraints such as longitude and flightpath azimuth.
If one considers the trans-Earth injection phase purely in the context of a two-body problem, then TEI-1 raises apolune, TEI-2 executes a plane change, and TEI-3 places the spacecraft on a path to the desired entry interface point. Of course, this is all in an idealized two-body problem. In reality, TEI-3 alone cannot guarantee that all the desired constraints are met within the available fuel budget unless all perturbations are considered in the determination of the maneuver sequence. One advantage of the two-level targeter formulation presented here is that it allows all three maneuvers to be simultaneously adjusted to meet the entry constraints without exceeding the fuel budget. Since the targeter adjusts the spatial and temporal coordinates of the patch states associated with each maneuver, the targeter is also better able to exploit multibody effects in identifying a feasible solution that meets the cost and entry constraints.
Of course, a nonlinear programming algorithm can accomplish the same goals as a targeter while minimizing the cost. It is a wellknown fact that the solutions identified by both a targeter and an optimizer are susceptible to the initial guess provided. Both methods search for solutions strictly in the neighborhood of the initial guess. The goal of the present analysis is to assess the impact of the initial guess on the optimal solution identified. To that end, consider Figs. 7 and 8. These figures illustrate the minimum v identified by the optimization process as a function of the initial argument of latitude and the right ascension of the ascending node associated with the initial low lunar orbit, respectively. It is evident from these figures that many, and sometimes significantly different, TEI maneuver combinations are identified by the optimizer, depending on the initial guess supplied. This indicates that the timing and geometry of the Earth return trajectory can significantly, and adversely, impact the total mission cost.
It is interesting to note, after properly converting the displayed units, that the first peak in Fig. 7 , leading to a 2.7 km/s v, is roughly the same cost as the worst case identified by the two-level targeting process without a total cost constraint, illustrated in Fig. 5 , of about 2.4 km/s. This supports the fact that both algorithms search for solutions in the same neighborhood: one searching for a feasible arc and the other searching for an optimal arc. It is thus evident, though not surprising, that an inadequate initial guess has adverse effects on both an optimization process and a linear targeting process. Figure 8 further indicates that given the proper alignment the optimal solutions do not typically exceed a combined mission cost of 1.2 km/s. This is an important fact that is useful in setting reasonable limits to the targeter's total cost constraint, provided that the startup arc is consistent with this observation. In general, insight into the optimal solution space can be of significant use in refining the block set [4, 5] of startup arcs available to the targeting process onboard.
VI. Conclusions
In a loss-of-communications scenario, the Orion Crew Exploration Vehicle must be capable of autonomously targeting one of several possible entry sites on Earth. The present investigation focuses on one of the many elements of the autonomous targeting process: the targeting algorithm. An impulsive constrained two-level targeter is selected as the main algorithm for onboard precision entry targeting.
At the entry interface point, the vehicle must achieve a prespecified set of constraints: altitude, latitude, flight-path angle, longitude, and azimuth. The first three of these constraints are formulated and validated in earlier studies. The present investigation first focuses on the development and validation of the longitude and azimuth constraints. Of course, in an onboard targeting scenario, it is imperative that the solutions identified by the targeting algorithm do not exceed the available fuel budget. Thus, a total cost constraint is formulated and validated in the context of a two-level targeter. The constraint formulations add unprecedented flexibility and robustness to the targeting process, particularly for problems susceptible to multibody effects such as the Orion trans-Earth injection phase. The robustness of the targeting process is assessed through numerical investigations over various departure and entry configurations.
Naturally, both an optimizer and a linear targeting process explore the same neighborhood of solutions, as supported by the results of this study. However, a two-level targeter seeks only feasible solutions, which significantly reduces the computational overhead in comparison with an optimizer. Aside from the reduced computational requirements, the combination of a two-level targeter with the total cost constraint developed here offers a generalized formulation that is both flexible and robust for onboard determination. 
